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We investigate the diffusion coefficient of the time integral of the Kuramoto order parameter
in globally coupled nonidentical phase oscillators. This coefficient represents the deviation of the
time integral of the order parameter from its mean value on the sample average. In other words,
this coefficient characterizes long-term fluctuations of the order parameter. For a system of N
coupled oscillators, we introduce a statistical quantity D, which denotes the product of N and the
diffusion coefficient. We study the scaling law of D with respect to the system size N . In other
well-known models such as the Ising model, the scaling property of D is D ∼ O(1) for both coherent
and incoherent regimes except for the transition point. In contrast, in the globally coupled phase
oscillators, the scaling law of D is different for the coherent and incoherent regimes: D ∼ O(1/Na)
with a certain constant a > 0 in the coherent regime, and D ∼ O(1) in the incoherent regime. We
demonstrate that these scaling laws hold for several representative coupling schemes.
PACS numbers: 05.45.Xt, 05.50.+q, 05.40.-a, 05.60.-k
2In real-world systems, large populations of coupled oscillators often experience global synchronous
oscillations. To elucidate the general properties of such phenomena, considerable research has been
conducted on simple models of globally coupled phase oscillators. The Kuramoto order parameter has
been widely used to measure the degree of synchronization and to characterize the synchronization
transition in the phase oscillator model. When the system size is infinite, fluctuations of the order
parameter vanish after a transient period; the scaling law for this parameter has been well studied for
a general coupling function. However, when the system is large but of finite size, the fluctuations in
the order parameter do not vanish and their behavior has not been fully understood. It is not clear
whether the conventional standard statistical quantities such as the variance and the correlation time
of the order parameter can fully characterize its fluctuation behavior. Further, the dependence of the
statistical properties of the order parameter on the coupling scheme is still not completely understood.
As a step toward understanding these problems, we focus on a statistical quantity that characterizes
long-term fluctuations in the order parameter. In other well-known models such as the Ising model,
the scaling property of the statistical quantity with respect to the system size is the same for coherent
and incoherent regimes except for the transition point. In contrast, in the globally coupled phase
oscillators, the decay speed of the statistical quantity in the coherent regime is faster than that in
the incoherent regime. This difference is caused by a difference in the correlations among the phases
of the oscillators at different times. We show that the scaling laws hold for a large class of general
coupling schemes.
I. INTRODUCTION
Nonlinear systems are often used for modeling chemical reactions, engineering circuits, and biological populations
[1]. Synchronization in such systems has attracted considerable attention in the past several decades. The phase
description of the systems is one of the most effective methods to understand synchronization in interacting oscillatory
systems [1, 2]. Accordingly, there have been a number of studies on the globally coupled phase oscillator model [2],
which is described as follows:
θ˙j = ωj +
K
N
N∑
k=1
h(θk − θj), (j = 1, . . . , N), (1)
where θj represents the phase of the jth oscillator, ωj represents the natural frequency of the jth oscillator, K > 0
represents the coupling strength, h is the coupling function, and N is the number of oscillators. The oscillators are
synchronized when the coupling strength is sufficiently large for the Kuramoto model where h(x) = sin(x) [2, 3]. The
synchronization transition in the phase oscillator model (1) with infinite dimension (i.e., in the thermodynamic limit
N → ∞) has been well studied with regard to its analogy to the second-order phase transition [2–8]. In particular,
one of the main areas of focus in these studies has been the behavior of the order parameter R(t) as a measure of
synchrony [2], which is defined as follows:
R(t) ≡ 1
N
∣∣∣∣∣∣
N∑
j=1
exp(2piiθj)
∣∣∣∣∣∣ . (2)
A synchronization transition can be characterized by a change in the order parameter from zero to a non-zero value
with an increase of K. We assume that the stationary state with R(t) = 0 in the incoherent (desynchronized) regime
supercritically bifurcates at the critical coupling strength K = Kc, above which the oscillators are synchronized
or coherent. The scaling property of the order parameter around the synchronization transition point has been
intensively studied: first, Kuramoto [2] analytically investigated the phase oscillator model (1) with the sinusoidal
coupling function; then, Daido [5], Crawford and Davies [6], and Chiba and Nishikawa [8] considered the phase
oscillator model (1) with more general coupling functions.
However, finite size effects in the phase oscillator model (1) have not yet been fully understood. It is not clear
whether the conventional standard statistical quantities such as the variance and the correlation time of the order
parameter can fully reveal the characteristics of its fluctuations. Further, the dependence of the statistical properties
of the order parameter on the coupling scheme is still not completely understood, because most previous studies on
the finite size effects have only examined the Kuramoto model [9–13]. It is known that the scaling law of the order
parameter in the infinite-size system depends on the coupling function [5, 6]. However, it is not evident how the
coupling function influences the scaling law of the order parameter in a finite-size system. Although the finite size
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FIG. 1. Schematic view of D and V in the limit N → ∞ when the synchronization transition at K = Kc is similar to the
second order phase transition.
effects in the incoherent regime were addressed in the case of general coupling [14, 15], those in the coherent regime
are still unclear.
This paper investigates the finite size effects on the long-term fluctuations of the order parameter in the phase
oscillator model (1) by using the diffusion coefficient of the time integral of the order parameter. This diffusion
coefficient represents the deviation of the time integral of the order parameter from its mean value on the sample
average. Although this statistical quantity has been used in the large deviation theory, it has not been examined in
the literature of coupled phase oscillators. Denoting the product of N and the diffusion coefficient as D, we analyze
the properties of D in the phase oscillator models with the sinusoidal coupling function and also with more general
coupling functions.
We show that the scaling law of D with respect to system size N is different for the coherent and incoherent regimes
in the model (1) with a general coupling function: D ∼ O(1/Na) with a certain positive constant a in the coherent
regime, and D ∼ O(1) in the incoherent regime. The scaling law in the coherent regime is anomalous because the
scaling law of D is D ∼ O(1) for both the two regimes in other well-known systems such as the Ising model. Moreover,
we analytically demonstrate that in the coherent regime,D = 0 in the limitN →∞. Therefore, the statistical quantity
D is useful to qualitatively differentiate between the coherent and incoherent regimes, as illustrated in Fig. 1. This
property is not found in other statistical quantities such as the variance of the order parameter. When we denote the
product of N and this variance by V , it follows V ∼ O(1) with system size N and V 6= 0 in the limit N →∞ in both
coherent and incoherent regimes [9], as shown in Fig. 1.
II. A STATISTICAL QUANTITY D CHARACTERIZING LONG-TERM FLUCTUATIONS OF THE
ORDER PARAMETER
We introduce the diffusion coefficient of the time integral of R(t) to characterize the long-term fluctuations of R(t).
The variance of the time integral
∫ t
0
R(s)ds is given as follows:
σ2(t) ≡ N
[〈(∫ t+t0
t0
R(s)ds− 〈R〉tt
)2〉
t
]
s
, (3)
where 〈·〉t and [·]s represent the time average over the period from t0 = 0 to t0 → ∞ and the sample average
of different realizations of ωj which are independently chosen from a certain distribution, respectively. Then, the
following diffusion law holds:
D ≡ lim
t→∞
σ2(t)/2t, (4)
which represents the deviation of
∫ t
0 R(s)ds from its mean value 〈R〉tt on the sample average.
It should be noted that the statistical quantity D is different from the variance of R(t), given by
V ≡ N [〈(R(t0)− 〈R〉t)2〉t]s, (5)
which characterizes instantaneous fluctuations of R(t). For example, if R(t) oscillates periodically, then D = 0 whereas
V > 0.
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FIG. 2. The time evolutions of the variance σ2(t) of the integrated order parameter (upper) and the correlation function C(t)
(lower) in the Kuramoto model where h(x) = sin(x) and N = 24000. (a)(c) The coherent regime where K = 1.68 > Kc =
1.59 · · · . (b)(d) The incoherent regime where K = 0.8 < Kc. In both regimes, σ2(t) increases linearly with slope 2Dt after
a transient period. The correlation function C(t) in the coherent regime has a characteristic time period in which C(t) < 0,
whereas the form of C(t) in the incoherent regime is almost exponential. Each plot is an average over 30 samples.
Now, we consider the dependence of D on other statistical quantities. We define the correlation function of R(t) as
follows:
C(t) ≡ N [〈(R(t+ t0)− 〈R〉t)(R(t0)− 〈R〉t)〉t]s. (6)
Because C(0) = V , we obtain
C(t) = V f(t/τ), (7)
where τ and f with f(0) = 1 represent the correlation time and the normalized correlation function, respectively. In
this paper, τ is defined as the value satisfying C(τ) = C(0)/2. Then, D satisfies the following equation [16]:
D =
1
2
∫ ∞
−∞
C(s)ds. (8)
Therefore, from Eqs. (7)-(8), D can be described using V , τ , and f as follows:
D =
1
2
V τ
∫ ∞
−∞
f(s)ds. (9)
III. SCALING LAW OF D WITH SYSTEM SIZE FOR THE KURAMOTO MODEL
The main result obtained for the scaling law of D is as follows: in the Kuramoto model (Eq. (1) with h(x) = sin(x)),
the asymptotic form of D for large N takes
D ∼
{
O(1/Na) (coherent regime),
O(1) (incoherent regime),
(10)
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FIG. 3. The scaling property of the diffusion coefficient D with system size N in the coherent regime of the Kuramoto model,
where K = 1.68 > Kc = 1.59 · · · , and N = 8000, . . . , 64000. Line fitting yields D ∼ N−1.33. Each plot is an average over 90
samples.
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FIG. 4. The diffusion coefficient D with an increase of system size N in the incoherent regime of the Kuramoto model, where
K = 0.8 < Kc = 1.59 · · · . D fluctuates around a finite value for sufficiently large N . Each plot is an average over 90 samples.
where a > 0 is a certain constant.
The cause of the difference in the scaling laws can be intuitively understood from Eq. (9) as follows. It is known
that V ∼ O(1) and τ ∼ O(1) for the phase oscillator model (1) [9, 14, 15] and also for other well-known models [17, 18]
except for the synchronization transition point. If f(s) is written in the simple exponential form, as is commonly the
case [17, 18], then
∫∞
−∞ f(s)ds is finite. In fact, the form of f(s) is almost exponential in the incoherent regime of the
Kuramoto model as numerically shown later. Therefore, with consideration of the above facts, we can infer D ∼ O(1)
from Eq. (9) in the incoherent regime. However, in the coherent regime, f(s) is not in a simple exponential form [9],
and thereby the scaling law of D is different from D ∼ O(1).
This section shows the scaling law (10) numerically. We assume that the distribution of the natural frequencies
ωj is Gaussian with mean zero and variance one. In numerical simulations, the natural frequencies are generated
from the Gaussian distribution in a random manner. Figure 2 shows the differences in the time evolutions of σ2(t) in
Eq. (3) and C(t) in Eq. (6) between the coherent and incoherent regimes. The value of D is estimated by fitting the
values of σ2(t) with a line of slope 2Dt for a sufficiently large t. We separately consider the coherent and incoherent
regimes.
A. Coherent regime
Figure 3 shows the dependence of D on the system size N . We clearly see that D is scaled as D ∼ O(1/Na) where
a = 1.33 for K = 1.68. In Sec. V, we analytically show that D = 0 in the limit N →∞.
B. Incoherent regime
The diffusion coefficient D fluctuates around a finite value for sufficiently large N as shown in Fig. 4. It implies
D ∼ O(1). We support this scaling property by using Eq. (9). The form of the correlation function C(t) of the order
parameter is almost exponential as shown in Fig. 5(a) [9]. Therefore, if V ∼ O(1) and τ ∼ O(1), D should be of O(1)
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FIG. 5. The correlation function C(t) for N = 64000 (a), the variance V (b), and the correlation time τ (c) of the order
parameter in the incoherent regime of the Kuramoto model, where K = 0.8 < Kc = 1.59 · · · . C(t) almost exponentially
decreases with t. V and τ fluctuate around a finite value for sufficiently large N . Each plot is an average over 90 samples.
from Eq. (9). In fact, our numerical simulations confirm that V ∼ O(1) [9, 14, 15] and τ ∼ O(1) [9, 14, 15, 17, 18] as
shown in Figs. 5(b) and 5(c). Therefore, we conclude D ∼ O(1).
IV. SCALING LAW OF D WITH SYSTEM SIZE FOR MORE GENERAL COUPLINGS
This section numerically confirms the scaling law (10) for other representative couplings to enhance the generality
of our result. The natural frequencies ωj are chosen from the Gaussian distribution in a random manner as in the
previous section. Again we separately consider the coherent and incoherent regimes.
A. Coherent regime
In addition to the sinusoidal coupling function treated in the previous section, we consider the following three
coupling functions [6]:
(i) A coupling of a generic form with nonzero second harmonic:
h(x) = sin(x) − (1/2) sin(2x),
(ii) A coupling without the second harmonic term but with the third harmonic term:
h(x) = sin(x) − (1/2) sin(3x),
(iii) A coupling without the symmetry:
h(x) = sin(x+ pi/4).
We choose these coupling functions because most coupling functions are classified on the basis of the value of the
critical exponent of the order parameter R (for example, see p.30 and p.31 in [6]) into the following three cases: the
coupling function is sinusoidal (Sec. III); the coupling function has the second harmonic term [5, 6] (case (i)); and the
coupling function lacks the second harmonic term and possesses the third harmonic term [6] (case (ii)). Additionally,
case (iii) is considered to examine the effect of asymmetry in the coupling function.
Figures 6(a)-(c) show that D decreases with N as D ∼ N−1.15 for case (i), D ∼ N−1.34 for case (ii), and D ∼ N−1.42
for case (iii). Therefore, the scaling law (10) in the coherent regime holds for these coupling functions. Figures 6(d)-(f)
imply D = 0 in the limit N →∞. In Sec. VI, we analytically show that D = 0 in the limit N →∞.
B. Incoherent regime
We demonstrate that D ∼ O(1) for any large N in cases (i)-(iii). As shown in Figs. 7(a)-(c), D fluctuates around
a finite value for sufficiently large N . It implies D ∼ O(1). Further, we support this scaling as follows. The forms
of the correlation function of the order parameter are almost exponential as shown in Figs. 8(a), 8(d), and 8(g). In
addition, our numerical simulations show that V ∼ O(1) [9, 14, 15] and τ ∼ O(1) [17, 18] as shown in Figs. 8(b)(c),
8(e)(f), and 8(h)(i). Therefore, we conclude D ∼ O(1) from the same argument in Sec. IIIB.
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FIG. 6. The scaling property of the diffusion coefficient D with system size N (upper) and the correlation function C(t)
(lower) in the coherent regime of system (1) with (a)(d) h(x) = sin(x) − (1/2) sin(2x) and K = 1.75 > Kc = 1.59 · · · , (b)(e)
h(x) = sin(x)− (1/2) sin(3x) and K = 1.675 > Kc = 1.59 · · · , and (c)(f) h(x) = sin(x+ pi/4) and K = 2.04 > Kc = 1.927 · · · ,
respectively, where N = 8000, . . . , 64000 for (a)-(c) and N = 24000 for (d)-(f). Each plot is an average over 90 samples.
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FIG. 7. The diffusion coefficient D with an increase of system size N in the incoherent regime of system (1) with (a) h(x) =
sin(x + pi/4) and K = 0.8 < Kc = 1.927 · · · , (b) h(x) = sin(x) − (1/2) sin(2x) and K = 1.25 < Kc = 1.59 · · · , and (c)
h(x) = sin(x) − (1/2) sin(3x) and K = 0.8 < Kc = 1.59 · · · . D fluctuates around a finite value for sufficiently large N . Each
plot is an average over 90 samples.
V. DERIVATION OF D = 0 FOR THE KURAMOTO MODEL
In this section, we analytically demonstrate that D = 0 in the limit N → ∞ in the coherent regime of the
Kuramoto model by reference to Daido [9], which deals with statistical properties in the vicinity of the transition
point. In general, fluctuations are amplified near the transition point [17, 18]. Therefore, if D = 0 is derived in the
limit K → Kc + 0, then D = 0 would be justified for K > Kc.
We define the complex order parameter [9] as follows:
Z(t) ≡ 1
N
N∑
j=1
exp(2pii(θj − Ωt)), (11)
where Ω represents the frequency of entrainment and |Z(t)| = R(t). We denote the diffusion coefficient of ∫ t
0
Z(s)ds
by DZ , which is defined as follows:
DZ ≡ lim
t→∞
σ2Z(t)/2t, (12)
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FIG. 8. The correlation function C(t) for N = 64000 (left), the variance V (middle), and the correlation time τ (right) of the
order parameter in the incoherent regime of system (1) with (a)(b)(c) h(x) = sin(x + pi/4) and K = 0.8 < Kc = 1.927 · · · ,
(d)(e)(f) h(x) = sin(x) − (1/2) sin(2x) and K = 1.25 < Kc = 1.59 · · · , and (g)(h)(i) h(x) = sin(x) − (1/2) sin(3x) and
K = 0.8 < Kc = 1.59 · · · . C(t) almost exponentially decreases with t. V and τ fluctuate around a finite value for sufficiently
large N . Each plot is an average over 90 samples.
where the variance of
∫ t
0 Z(s)ds is given by
σ2Z(t) ≡ N
[〈∣∣∣∣
∫ t+t0
t0
Z(s)ds− 〈Z〉tt
∣∣∣∣
2
〉
t
]
s
. (13)
With the correlation function of Z(t) given by
CZ(t) ≡ N [〈(Z(t+ t0)− 〈Z〉t)(Z∗(t0)− 〈Z∗〉t)〉t]s, (14)
where Z∗ represents the complex conjugate of Z, DZ satisfies the following equation [16]:
DZ =
1
2
∫ ∞
−∞
CZ(s)ds. (15)
In the limit N →∞, CZ(t) takes the following form [9]:
CZ(t) ∼ Π(
√
Qt)/
√
Q, (16)
where Π(x) = e−s|x|+ e−
√
5s|x|/
√
5− s|x|(e−s|x|+ e−
√
5s|x|) with a certain constant s and Q = Q(K). Integrating the
above equation by t for t ∈ (−∞,∞), we can obtain DZ = 0 from Eq. (15).
Next, let us prove that in the limit of N →∞, if DZ = 0 then D = 0. We introduce a variable w(t) for representing
the fluctuations of Z(t) as follows:
w(t) ≡ Z(t)− Zˆ, (17)
9where
Zˆ ≡ 〈 lim
N→∞
Z〉t, (18)
and Zˆ = const. 6= 0 in the coherent regime (see p.29 in [6]). For large N , w(t) is small [9] in the regime after an initial
transient period [20]. Hereafter, let us assume that t = 0 is included in that regime. The deviation w(t) is scaled
as O(1/
√
N) [9, 20]. It should be noted that we can assume Zˆ to be a positive real number because of the rotation
symmetry of the system [20]. Then, R(t) can be approximated as follows:
R(t) =
√
(Zˆ +Re(w(t)))2 + (Im(w(t)))2
≈ Zˆ
√
1 + 2Re(w(t))/Zˆ
≈ Zˆ +Re(w(t)), (19)
where we have neglected the higher-order terms that vanish in the limit N → ∞. From Eq. (19), if the diffusion
coefficient of
∫ t
0
Re(w(s))ds is equal to 0, then that of
∫ t
0
R(s)ds is also equal to 0 because Zˆ is constant. That is, in
the limit N → ∞, if DZ = 0 then D = 0. Hence, because DZ = 0 in the limit N → ∞ as explained in the previous
paragraph, D = 0 in the same limit.
VI. DERIVATION OF D = 0 FOR A GENERAL COUPLING FUNCTION
In this section, we analytically demonstrate that D = 0 in the limit N → ∞ in the coherent regime of the phase
oscillator model (1) with a general coupling function h(x) by reference to Daido [9], which considered the sinusoidal
coupling function.
Let us explain a key assumption for deriving D = 0. When the system shows synchronization, the oscillators are
divided into the following two groups: (i) entrained oscillators, which are synchronized with the frequency Ω, and (ii)
nonentrained oscillators, which are not synchronized. Entrained oscillators play a role in reducing the fluctuations of
the order parameter [10]. On the other hand, nonentrained oscillators show minor fluctuations [10]. We denote by
Γ(ω˜) the distribution of the mean frequencies ω˜ of the oscillators. Here, we assume that the following condition holds
in the coherent regime:
lim
ω˜→Ω
Γ(ω˜) = 0 with N →∞, (20)
where Ω is the common frequency of the entrained oscillators. Daido [21] analytically demonstrated that the above
condition holds if the coupling function h(x) exhibits only one local minimum and only one local maximum in its
domain. Further, Daido [5] numerically confirmed that this condition holds for more general coupling functions. Figure
9 illustrates a typical example, where Eq. (20) holds in a coherent state whereas it does not hold in an incoherent
state [1]. Equation (20) means that the density of non-entrained oscillators with mean frequencies close to but not
equal to Ω significantly decreases as ω˜ → Ω. As a result, fluctuations become minor [10] because the more distant the
mean frequency of an oscillator is from Ω, the smaller are the fluctuations caused by the oscillator.
Considering the power spectrum of
√
N(R(t) − 〈R〉t), its asymptotic form in the limit N →∞ is given by I(ω) =∫∞
−∞ C(s)e
iωsds [19]. From Eq. (8), we obtain
D =
1
2
lim
ω→0
I(ω). (21)
This equation indicates that the value of D is almost determined by the value of Γ(ω˜) around ω˜ = Ω, since Ω can be
replaced by 0 due to a transformation of the phase variables. Therefore, it is natural that the value of D becomes
very small if Eq. (20) holds.
This section is organized as follows. First, we transform the original equation (1) into another expression according
to Ref. [21]. Next, we derive a self-consistent equation governing the fluctuations of the order parameter. Finally, we
show D = 0 by using the Fourier transform of the self-consistent equation.
10
Γ(ω
~
)
ω~
(a)
0
Γ(ω
~
)
(b)
0
ω~Ω
FIG. 9. Schematic view of Γ(ω˜). (a) An incoherent state. (b) A coherent state.
A. Transformation of the phase oscillator model
The coupling function h in Eq. (1) can be generally represented by the Fourier series as follows:
h(x) =
∑
l
qle
2piilx, (22)
where ql represents the lth Fourier coefficient for l = ±1,±2, · · · . We assume that all the synchronized oscillators
rotate with the common frequency Ω [21] and introduce the generalized complex order parameters as follows:
Zl(t) ≡ 1
N
N∑
j=1
exp(2piil(θj − Ωt)), (23)
where Z1(t) = Z(t). By using ql and Zl, the order function H(x) [21] is defined as follows:
H(x) ≡ −
∑
l
qlZle
−2piilx. (24)
From Eq. (24), we can transform Eq. (1) into the following form:
θ˙j = ωj −KH(θj − Ωt). (25)
By introducing new variables θ˜j ≡ θj − Ωt and ∆j ≡ ωj − Ω, Eq. (25) is transformed into
dθ˜j/dt = ∆j −KH(θ˜j). (26)
B. The self-consistent equation of fluctuations
First, let us introduce a new variable wl for representing the fluctuations of Zl(t) as follows:
wl(t) ≡ Zl(t)− Zˆl, (27)
where
Zˆl ≡ 〈 lim
N→∞
Zl〉t, (28)
and Zˆl = const. 6= 0 in the coherent regime (see p.29 in [6]). For large N , wl(t) is small [9] in the regime after an
initial transient period [22]. Hereafter, let us suppose that t = 0 is included in that regime.
Now we assume that θ˜j can be divided into two parts as follows [9],
θ˜j = ψj + φj , (29)
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where ψj and φj correspond to the dominant phase motion and the small deviation from it, respectively. The dominant
phase motion can be described as follows:
dψj/dt ≡ ∆j −KHˆ(ψj), (30)
ψj(0) = θ˜j(0) = θj(0),
where
Hˆ(x) ≡ −
∑
l
qlZˆle
−2piilx. (31)
That is, ψj corresponds to θ˜j in the infinite-size system.
Next, let us introduce a self-consistent equation of wl(t). If we put
w˜l ≡
√
Nwl, (32)
then w˜l is O(1), as discussed in p.760 of [9]. The deviation φj induced by wl should be of O(N
−1/2), so that we can
expand θ˜j in N
−1/2 as follows:
θ˜j = ψj + φj , (33)
= ψj +
φ˜j√
N
+O(N−1).
Substituting Eqs. (27), (32), and (33) into Eq. (26) and comparing O(N−1/2) terms, we obtain
dφ˜j/dt = K
∑
l
ql(−2piilZˆlφ˜j + w˜l)e−2piilψj . (34)
Furthermore, from Eqs. (23), (27), (32), and (33), we can derive
w˜l =
√
N(−Zˆl +N−1
N∑
j=1
e2piilψj )
+ 2piilN−1
N∑
j=1
φ˜je
2piilψj +O(N−1/2). (35)
Note that the first term on the right-hand side (r.h.s.) of Eq. (35) is O(1) [9]. By inserting the solutions of Eq. (34)
into Eq. (35) and by considering the limit N →∞, we arrive at the self-consistent equations for w˜l as follows:
w˜l(t) = Pl(t) + 2piilK
∑
l′
ql′
∫ t
0
dt′Al,l′(t, t′)w˜l′ (t′), (36)
where
Pl(t) ≡ lim
N→∞
√
N(−Zˆl +N−1
N∑
j=1
e2piilψj ), (37)
and the kernel Al,l′ is defined by
Al,l′(t, t
′) ≡ lim
N→∞
N−1
N∑
j=1
exp
{
2pii(lψj(t)− l′ψj(t′))
−K
∫ t
t′
dτHˆ ′(ψj(τ))
}
. (38)
Here Hˆ ′(x) represents the derivative of Hˆ(x) with respect to x.
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C. The Fourier transform of the self-consistent equation
The goal of this subsection is to show that D = 0 in the limit N → ∞ under assumption (20). From the
discussion in Sec. V, D = 0 if DZ = 0. Further, the condition DZ = 0 is equivalent to limω→0 IZ(ω) = 0 where
IZ(ω) =
∫∞
−∞ CZ(s)e
iωsds is the asymptotic form of the power spectrum of
√
N(Z(t) − 〈Z〉t) in the limit N → ∞.
Therefore, it is only necessary to show limω→0 IZ(ω) = 0. To evaluate IZ(ω), we cast w˜l and Pl(t) into the form of
the frequency domain representation, respectively, as follows [23]:
w˜∗l (ω) ≡ lim
T→∞
1√
T
∫ T
−T
dτw˜l(τ)e
−iωτ , (39)
and
P ∗l (ω) ≡ lim
T→∞
1√
T
∫ T
−T
dτPl(τ)e
−iωτ . (40)
The equation limω→0 IZ(ω) = 0 is satisfied if
lim
ω→0
w˜∗1(ω) = 0. (41)
Equation (41) holds if
El ≡ lim
ω→0
w˜∗l (ω)
= 0, (42)
which we will show in the rest of this section.
Let us consider the Fourier transform of both sides of Eq. (36):
w˜∗l (ω) = P
∗
l (ω) + g
∗(ω), (43)
where g∗(ω) represents the Fourier transform of the last term of Eq. (36). Concerning the first term of the r.h.s. of
Eq. (43), condition (20) yields
lim
ω→0
P ∗l (ω) = 0. (44)
Namely, the first term in the r.h.s. of Eq. (36) does not affect the value of D.
To proceed further, we show that the kernel A(t, t′) is approximately represented in the form of B(xt − yt′) with
certain constants x and y satisfying xy > 0 if K ≈ Kc [9]. We divide A as A = A(e) + A(ne), where A(e) and
A(ne) represent the contributions from the entrained and nonentrained oscillators, respectively. Because ψj(t) of the
entrained oscillators is constant, A(e) can be represented as follows:
A(e)(t, t
′) = B(e)(t− t′), (45)
where B(e) is a certain function. We can represent A(ne) as follows:
A(ne)(t, t
′) = lim
N→∞
N−1
∑
j
e2piiXj(t,t
′), (46)
where
Xk(t, t
′) ≡(lψk(t)− l′ψk(t′))
− K
2pii
∫ t
t′
dτHˆ ′(ψk(τ)). (47)
In the case of a nonentrained oscillator, if we rewrite Eq. (47) as
Xk(t, t
′) =(l − l′)ψk(0) + ∆′k(lt− l′t′)
+ Xˆk(t, t
′), (48)
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where ∆′k represents the mean frequency of ψk, then the last term Xˆk(t, t
′) is bounded. This is because the last term
of Eq. (47) and ψk(t) are periodic as shown in Appendix A. Because the bounded variation of Xˆk(t, t
′) should be
small compared to the other terms for t≫ 1, we can neglect Xˆk(t, t′) as follows [9]:
Xk(t, t
′) = (l − l′)ψk(0) + ∆′k(lt− l′t′). (49)
This approximation is good enough near the critical pointK = Kc [9] at which the bounded function Xˆk(t, t
′) vanishes.
Therefore, the kernel A(ne) is represented in the following form:
A(ne)(t, t
′) = B(ne)(lt− l′t′), (50)
where
B(ne)(lt− l′t′)
≡ lim
N→∞
N−1
∑
k
exp(2pii{(l− l′)ψk(0) + ∆′k(lt− l′t′)}). (51)
We can exclude the case of ll′ < 0 [9], in which, for large t and 0 ≤ t∗ ≤ t,
B(ne)(lt− l′t∗)
= lim
N→∞
N−1
∑
k
exp(2pii{(l− l′)ψk(0) + ∆′kl(t+ |(l′/l)|t∗)})
= 0. (52)
From Eqs. (45) and (50), the kernel A can be expressed by using a function B as follows:
A(t, t′) = B(xt− yt′), (53)
where x(l)y(l′) > 0.
In order to use the Fourier transform, we replace
∫ t
0
by
∫∞
−∞ in the r.h.s. of Eq. (36), based on the discussion in
Appendix B. Then, from Eqs. (36) and (53), we obtain
w˜∗l (ω) = P
∗
l (ω) + 2piilK
∑
l′
ql′
1
|x|B
∗(ω/x)w˜∗l′(yω/x), (54)
where
B∗(ω) ≡
∫ ∞
−∞
dτB(τ)e−iωτ . (55)
Note that we have not divided the r.h.s. of this equation by T . From Eqs. (44)-(54), we can obtain
lim
ω→0
w˜∗l (ω)
= lim
ω→0
2piilK
∑
l′
ql′
1
|x|B
∗(ω/x)w˜∗l′ (yω/x). (56)
Equation (56) can be rewritten as follows:
El =
∑
l′
Fl,l′El′ , (57)
where the coefficient Fl,l′ is a certain constant for l = ±1,±2, · · · and l′ = ±1,±2, · · · . The trivial solution of Eq. (57)
is El = 0 for all l. Let us assume that Eq. (57) has another solution El = E¯l. Then, we can easily show that El = cE¯l
with any constant c is also a solution of Eq. (57). However, this statement contradicts the fact that |El|2 (and D) is
bounded for K 6= Kc. Therefore, the only solution of Eq. (56) must be El = 0 for all l.
In fact, in the limit K → Kc, we can derive El = 0 for all l as follows. Let us divide B∗(ω) as B∗(ω) =
B∗(e)(ω) + B
∗
(ne)(ω), where B
∗
(e)(ω) and B
∗
(ne)(ω) represent the contributions from the entrained and nonentrained
oscillators, respectively. Condition (20) yields limω→0B∗(ne)(ω) = 0. In the limit K → Kc, B∗(e)(ω) = 0 because there
are no entrained oscillators at K = Kc. As a result, we obtain El = 0 for all l, because the right-hand sides of
Eqs. (56) and (57) vanish in the limit K → Kc. Consequently, Eq. (42) holds.
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VII. SUMMARY AND DISCUSSION
We have investigated the statistical properties of long-term fluctuations in the system of globally coupled phase
oscillators (1) with general coupling, by using the statistical quantity D, which is the diffusion coefficient of the
temporal integration of the order parameter. To understand the finite size effects in the system behavior near
the synchronization transition point, the scaling property of D with system size N has been examined. We have
demonstrated that D ∼ O(1/Na) with a certain positive constant a in the coherent regime, and D ∼ O(1) in the
incoherent regime. The difference in the scaling laws is caused by the difference in the correlations among the phases
of the oscillators at different times; these correlations remain after a long-term period in the coherent regime. In other
well-known systems such as the Ising model, the correlation function of an order parameter decays exponentially
with time [17, 18], and thereby, D follows D ∼ O(1) with respect to the system size N both in the coherent and
incoherent regimes except for the transition point. For the phase oscillator model (1), such a difference in the scaling
laws of D has not been found for other statistical quantities such as the variance and the correlation time of the order
parameter [9]. The scaling property of D in the coherent regime has been further explored in the limit N → ∞.
We have analytically demonstrated that D = 0 in the limit N → ∞ for the system with a wide range of general
coupling functions. If the system exhibits periodic behavior, this result would be trivial. However, this is not the
case because non-periodic (chaotic) behavior is present even in the coherent regime of the system, as supported by a
positive Lyapunov exponent [24]. Although the finite size effects on the statistical properties in the phase oscillator
model (1) have been well studied for the sinusoidal coupling function [9–13], they have remained unclear for a general
coupling function except for several properties [14, 15]. We have clarified one aspect of the finite size effects in the
coherent state for coupling functions satisfying Eq. (20), which holds for a large class of general coupling functions
[5, 21].
Our result is useful to derive the scaling property of D for the coupling strength interval |K−Kc|. From the scaling
hypothesis [17, 18], the variance and the correlation time of the order parameter are scaled as V ∼ |K −Kc|−γ and
τ ∼ |K − Kc|−z , respectively, where γ and z are the critical exponents [17, 18]. Combining these scaling laws and
Eq. (9), we can derive the following scaling law:
D ∼ |K −Kc|−γ−z
∫ ∞
−∞
f(s)ds. (58)
From our numerical simulations, we found that, in the limit N → ∞, ∫∞−∞ f(s)ds goes to 0 in the coherent regime
whereas it is finite in the incoherent regime. Therefore, if the bifurcation of the order parameter is supercritical, we
obtain the following scaling law in the limit N →∞:
D ∼
{
(Kc −K)−γ−z for K < Kc,
0 for K > Kc.
(59)
The critical exponent is dependent on γ and z in the incoherent regime, whereas it is independent of them in the
coherent regime. It is known that γ = z = 1 for the sinusoidal coupling function [9, 14, 15].
There are two sources for the order parameter fluctuations. The first is the oscillators that fail to synchronize
with the order parameter motion. The second is the randomness in the distribution of the natural frequencies. In
order to show that the main source of the fluctuations is the first one in the coherent regime, we have performed
numerical simulations by excluding the randomness of the natural frequencies. Namely, the natural frequencies ωj
are not randomly but deterministically chosen from the Gaussian distribution G(ω˜) with mean zero and variance one,
i.e. j/(N + 1) =
∫ ωj
−∞G(ω˜)dω˜. Also in this case, we have obtained the same scaling property of D in the coherent
regime, i.e. D ∼ O(1/Na) with a positive constant a for all the coupling schemes considered in this paper. The result
for the Kuramoto model is shown in Fig. 10. Confirming the scaling law of D in the incoherent regime should be our
future work.
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FIG. 10. The scaling property of the diffusion coefficient D with system size N in the coherent regime of the Kuramoto
model, where K = 1.635 > Kc = 1.59 · · · , N = 800, . . . , 8000, and ωj is deterministically generated. The line fitting yields
D ∼ N−1.347. Each plot is an average over 10 different initial conditions.
Appendix A
Because ψk(t) is periodic, the last term of Eq. (47) is also periodic as follows:∫
dτHˆ ′(ψk(τ))
=
∫
dψk
dτ
dψk
Hˆ ′(ψk(τ))
=
∫
dψk
Hˆ ′(ψk)
(∆k −KHˆ(ψk))
= − 1
K
log |(∆k −KHˆ(ψk))|
= − 1
K
log |dψk(τ)/dτ |. (A1)
Appendix B
In order to use the Fourier transform, we consider replacing
∫ t
0
by
∫∞
−∞ in the r.h.s. of Eq. (36). First, by defining
w˜l(t) ≡ 0 for t < 0, we can replace
∫ t
0
by
∫ t
−∞ in the r.h.s. of Eq. (36). For the group of entrained oscillators,
by defining B(e)(t) ≡ 0 for t < 0, we can further replace
∫ t
−∞ by
∫∞
−∞ in the r.h.s. of Eq. (36). For the group of
nonentrained oscillators, we separately treat the cases of l = l′ and l 6= l′. In the case of l = l′, we can replace ∫ t−∞
by
∫∞
−∞ in the r.h.s. of Eq. (36) by adequately defining B(ne)(t) ≡ 0 or B(ne)(−t) ≡ 0 for t < 0 for each l. In the case
of l 6= l′, we replace t′ with a large t∗(< t) in B(ne)(t) of Eq. (51). If (l − l′) 6= 0 and both t and t∗ are sufficiently
large [9], we obtain
B(ne)(lt− l′t∗) = lim
N→∞
N−1
∑
k
exp(2pii{(l− l′)ψk(0) + ∆′k(lt− l′t∗)}) = 0. (B1)
As a result, we can replace
∫ t
−∞ by
∫∞
−∞ in the r.h.s. of Eq. (36).
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